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Abstract: The emergent nature of spacetime geometry and black holes can be directly
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To this end, we study time dependent thermal correlation functions of gauge invariant
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time scales. This includes the existence of evanescent modes and the exponential decay
of time dependent boundary correlations, both of which are well known indicators of bulk
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1 Introduction
The singlet sector of large N gauge theories coupled to vector or adjoint representation
scalar matter provides a tractable framework for studying gauge/gravity duality in an
interesting limit where the 't Hooft coupling vanishes. In this limit various explicit com-
putations can be carried out on the gauge theory side and it is an interesting question to
what extent the results may be interpreted in terms of an emergent bulk spacetime on the
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gravity side. We consider two classes of singlet models in various dimensions, with matter
elds in the vector or adjoint representation of the gauge group. A representative of each
class can be obtained as the free limit of an interacting gauge theory arising in well-studied
examples of gauge/gravity duality. Three dimensional Chern-Simons large N gauge theory
with matter elds in the vector representation of the gauge group is conjectured to be
dual [1{3] to Vasiliev higher spin theory [4, 5] while four dimensional Yang-Mills theory
with adjoint matter elds is dual to strings in an AdS background. The latter is of course
the standard AdS/CFT duality but in the limit of zero 't Hooft coupling the strings on
the gravity side are tensionless and the dynamics includes an innite tower of higher spin
states in addition to the usual massless sector involving the graviton and dilaton [6].
A key aspect of gauge/gravity duality is the connection between thermal states in the
eld theory and black holes in the bulk [7]. Due to the singlet constraint, the free gauge
theories considered here exhibit non-trivial thermal behavior, including large N phase
transitions at nite volume, even in the limit of vanishing coupling [8]. In recent work [9],
we have extended the thermodynamic analysis of these models by considering equal time
correlation functions at thermal equilibrium in the boundary theory and analyzing their
spatial structure as a function of temperature. At low temperature our results are consistent
with propagation through an AdS bulk geometry with non-trivial additional structure
appearing above the phase transition. This holds for both adjoint and vector matter, but
the geometric features that arise at high temperature do so on very dierent length scales in
the two types of models. For adjoint matter the phase transition is at the AdS scale and a
good case can be made for the black hole interpretation by turning on interactions and going
to strong coupling where the large N phase transition is transmuted into the Hawking-Page
transition and the high temperature phase is dominated by bulk black holes [7]. For vector
matter, on the other hand, the phase transition temperature in the free theory grows with
a power of N compared to the AdS scale in the large N limit [10] and any dual bulk objects
would appear at a characteristic length scale that is much larger than the AdS length [9].
In classical gravity a black hole can be detected by its eect on the time evolution of
matter in its environment, for instance in-falling particles or waves. Boundary correlation
functions encode such information in their time dependence. In the present paper we
therefore extend our previous work to the temporal sector of the singlet models and gather
more direct evidence for black hole-like behavior in the emergent dual bulk spacetime.
We map out characteristic features of temporal correlations at dierent temperatures and
compare them to known black hole signatures in strongly coupled eld theories. The overall
structure is similar in theories with vector and adjoint matter but there are important
dierences and we point these out as we go along. We note that a closely related problem
has been studied earlier in planar AdS/CFT with the standard N = 4 SYM theory on the
boundary [11]. Having a spherical boundary is essential for our work as it permits us to
resolve thermal phase transitions and study their inuence on correlation functions. We
can compare our results to the planar case by taking the limit of ultra-high temperatures
and considering short distances and times relative to the size of the spatial sphere.
We nd it useful to consider free singlet theories in general dimensions as toy models but
it is only for the canonical values of three and four dimensions, for theories with vector and
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adjoint matter respectively, that one expects to nd interacting conformal theories when the
gauge coupling is turned on. By keeping the dimension general, we observe qualitatively
dierent time dependence of the boundary correlation functions between even and odd
boundary dimensions. This is related to well-known dierences in wave propagation in even
and odd dimensions but seems to have received limited attention in the AdS/CFT literature
where the main focus has been on spatial correlations and on even boundary dimensions.
Our main results may be listed as follows:
1. At high temperature, the imaginary part of the Fourier space retarded propagator
receives exponentially suppressed, but non-vanishing, contributions at k  T  !.
This shows the presence of so called evanescent modes which are characteristic of an
event horizon in a bulk black hole spacetime.
2. Boundary correlation functions depart signicantly from thermal AdS boundary-to-
boundary Green's functions at high temperature, as should be the case in the presence
of a localized central object in the bulk.
(a) In even boundary dimensions, they undergo a period of rapid exponential decay,
as is known to occur in an AdS black hole background in Einstein gravity.
(b) In odd boundary dimensions, the retarded Green's function develops support
inside the light cone.
3. For low boundary dimensions, high-temperature correlators exhibit a characteristic
time scale beyond which their form returns to that of thermal AdS correlators with
a temperature dependent normalization factor. This feature, suggesting further lo-
calized structure, is also seen in higher boundary dimensions, but then only over a
nite range of temperatures above the critical temperature.
The paper is planned along the following lines. Section 2 contains some background on
the models under study and their large N phase transitions. This is well known material
that we include to establish notation and set the stage for what follows. In section 3
we express the time dependent correlation function of a pair of singlet operators at nite
temperature in terms of the distribution of eigenvalue of the U(N) gauge holonomy around
the thermal S1. The resulting formulas are analyzed in the remainder of the paper. We rst
focus on properties of the retarded propagator in section 4 and nd that evanescent modes
(item 1 above) are present in the high-temperature phase with adjoint matter, while for
vector matter they are already discernible below the phase transition at temperatures that
are parametrically comparable to the critical temperature. The existence of such modes
has been argued previously from a collective eld theory approach to thermo-eld dynamics
of the boundary theory in a high-temperature limit, well above the phase transition [12,
13]. Our results provide a direct conrmation of evanescent modes in singlet models at
any temperature that is suciently high for the eigenvalue distribution to deviate from
a at distribution. In section 5 we turn to a comprehensive analysis of the time-ordered
correlator, mainly using analytic methods but also presenting results obtained by numerical
means. We establish a period of exponential decay in time of correlations in even boundary
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dimensions and show that the retarded Green's function is non-zero in the interior of the
light cone in odd dimensions (as per item 2 above). For intermediate temperatures, a
detailed numerical study is presented in section 5.4. In particular, we point out features
that a naive high-temperature expansion fails to capture. Those features are then the
focus of section 6, where we catch a glimpse of intriguing nite volume behavior in the
high temperature phase (item 3). Beyond a certain timescale, the boundary correlation
functions return to the form of thermal boundary-to-boundary propagators in an AdS bulk
geometry, dressed by a temperature dependent normalization factor. We wrap up with a
discussion in section 7 and this is followed by several appendices with additional technical
details and background material.
2 Eigenvalue distributions and large-N phase transitions
One of our main goals is to calculate time dependent correlation functions in U(N) gauge
theories in the limit of vanishing gauge coupling with a view towards an interpretation in
terms of emergent spacetime geometry in a dual gravitational theory. We consider matter in
the form of a free scalar eld in the adjoint representation of the gauge group or a nite num-
ber Nf of scalars in the fundamental representation. We work at nite volume and nite
temperature with elds dened on a spatial unit d 1-sphere and a thermal circle t = t+i.
In free gauge theories, extracting nontrivial thermodynamic features is a matter of
counting singlet operators, for example by Polya's method, as done in the original work [8],
where the projection to singlets was also introduced by hand as a matrix model for a U(N)
valued Lagrange multiplier. Alternatively, one can derive the matrix integral from the path
integral expression for the partition function [14] for interacting gauge theory. By viewing
the singlet constraint as the residual Gauss law of the gauge theory at zero coupling,
the Lagrange multiplier has a straightforward interpretation as the U(N) gauge holonomy
around the thermal circle.
At large N , the matrix model can be solved in a saddle point approximation. This
is achieved by approximating the integral over the eigenvalues of the matrix valued La-
grange multiplier as a path integral over an eigenvalue distribution (). Extremizing the
corresponding action leads to a saddle point expression for (), which in turn governs the
physical behavior of correlation functions. Derivations of () for matter in the adjoint and
fundamental representations can be found in [8, 10, 14, 15] and we summarize the main
steps involved in appendix A.
2.1 Vector model
The saddle point value of the eigenvalue density in a theory with Nf scalar elds in the
fundamental representation of U(N) is [15]
() =
1
2
+
Nf
N
1X
k=1
zdS(x
k)
1

cos(k) ; (2.1)
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Figure 1. Left: eigenvalue distribution in vector model at d = 3 for T=Tc  1 (red), T=Tc = 1=2
(orange), T=Tc = 1 (green) and T=Tc  2 (blue). Right: eigenvalue distribution in adjoint model
at d = 4 for T=Tc  1 (red), T=Tc = 1=2 (orange), T=Tc = 1 (green) and T=Tc  2 (blue). In this
case, curve remains the same for all T  Tc and the phase transition is rst order. For T=Tc !1,
the distribution approaches a -function in both models.
where      and zdS(x) is the one-particle partition sum on a d 1-dimensional sphere,
zdS(x) = x
d
2
 1 1 + x
(1  x)d 1 ; (2.2)
with x = e  . Here, and in the following, we have chosen units in which the sphere has
unit radius and  = 1=T is dimensionless.
The eigenvalue density is constrained to be positive and satises the normalization
condition
R
d () = 1. Low temperature corresponds to x  1 and it immediately
follows from (2.1) that the eigenvalue distribution is at,
()  1
2
; (2.3)
in the limit of low temperature and large N . At high temperature, on the other hand,
we have x ! 1. In this case the one-particle partition sum simplies and the eigenvalue
density reduces to
() =
1
2
+
2Nf
N
T d 1
1X
k=1
cos(k)
kd 1
: (2.4)
This expression is valid as long as () remains everywhere positive but this fails at a
critical temperature,
T d 1c =
1
4 (1  22 d) (d  1)
N
Nf
; (2.5)
at which () ! 0. The critical temperature Tc, which is parametrically high in this
model, signals a third order phase transition [15].
The shape of the eigenvalue distribution at dierent temperatures is shown in gure 1.
Above the phase transition the eigenvalue density vanishes beyond a certain maximal value
m determined by the normalization condition
R m
 m ()d = 1. Explicit formulas are
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given in appendix A for the eigenvalue density at high temperature as well as for the max-
imal eigenvalue m above the phase transition. At very high temperatures the eigenvalue
density becomes narrowly peaked around the origin and approaches a Dirac delta function
in the T !1 limit. For later reference, we here quote the scaling formulas for the width
of the distribution at high temperature, T  Tc, in dierent spatial dimensions, as derived
in appendix A,
m ! Tc
T

8>>>><>>>>:
q
2
Ad
for d = 3 ;
3
2Ad
 1
3
log 1=3 TTc for d = 4 ;
3
2(d 3)Ad
 1
3  Tc
T
 d 4
3 for d  5 :
(2.6)
In particular, m  Tc=T in d = 3, the canonical dimension for the vector model.
2.2 Adjoint model
The thermodynamic behavior is similar when the matter eld is in the adjoint representa-
tion of the gauge group but there are important dierences. In particular, the critical tem-
perature remains nite in the large N limit and the phase transition is rst order. The eigen-
value distribution is shown in the right hand panel in gure 1. It remains at, () = 12 , at
all temperatures below the phase transition but above the transition the eigenvalue density
develops a non-trivial prole that can be approximated by the following expression [14],
() =
8<:
1
 sin2(m2 )
q
sin2
 
m
2
  sin2  2  cos  2  if 0  jj  m ;
0 if m < jj   :
(2.7)
The maximal eigenvalue m is determined by
sin2

m
2

= 1 
s
1  1
zdS(x)
: (2.8)
At high temperature, T  Tc, the eigenvalue distribution of the adjoint model becomes
narrowly peaked,
()  2
m
s
1  
2
2m
; (2.9)
with the maximal eigenvalue going to zero as an inverse power of temperature, m ! T 1 d2 .
3 Time dependent correlators
In this section, we present the main equations of our paper. We begin with the general
expression for the time ordered thermal correlator, from which all subsequent results can
be derived. We then specialize to the retarded Green's function. The central quantity of
interest is the time-ordered correlator of two gauge-singlet operators. In the vector model
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it reads
G(t;y)  2
d+2d
 2(d 22 )
1
N


Trj2(t;y)jTrj2(0)j
=
NX
j=1
 1X
m= 1
eimj
(cos(t+ im)  cos ) d 22
!2
=
Z 
 
d ()
 1X
m= 1
eim
(cos(t+ im)  cos ) d 22
!2
; (3.1)
where we have introduced a multiplicative constant on the rst line that cancels the con-
stant numerical factor that arises from the Wick contractions of the scalars. This has no
eect on the physics but streamlines all subsequent equations. The explicit factor of 1=N
guarantees that the two-point correlation function does not scale with N .
The corresponding expression in the adjoint model is
G(t;y)  2
d+2d
 2(d 22 )
1
N2


Trj2(t;y)jTrj2(0)j
=
Z 
 
d d0 ()(0)
 1X
m= 1
eim( 0)
(cos(t+ im)  cos ) d 22
!2
: (3.2)
The nal equality in either equation holds in the continuum limit N !1 and the depen-
dence of eq. (3.2) on the dierence of eigenvalues is a manifestation of the unbroken center
symmetry of the underlying gauge theory [14]. We observe that the correlation function in
the adjoint theory can be obtained from the one in the vector theory by simply replacing
 by    0 in (3.1) and including an additional integral1 over 0. As a consequence, we
will mainly show derivations for the vector model in the following, and only display nal
results for the adjoint theory.
The above expressions for time dependent correlators are most readily obtained
through analytic continuation of the equal time correlators of [9],
G(y) =
X
j
 X
m
eimj
(coshm   cos )
!2
(3.3)
by sending m ! m   it. The denominator follows from the corresponding expression
for the vacuum two point correlator of the same singlet operators. The nontrivial new
ingredient here compared to the vacuum result is the dependence on the eigenvalues of
the U(N) matrix that implements the singlet constraint. For completeness, we include a
1Note that by explicitly limiting the support of the eigenvalue distribution to ( ; ] and extending the
domain of integration to the whole real line, we can alternatively express eq. (3.2) asZ 1
 1
d ( ? )()
 1X
m= 1
eim
(cos(t+ im)  cos ) d 22
!2
:
Adjoint model results are then obtained by replacing the eigenvalue distribution () by the convolution ?.
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derivation from rst principles in appendix B.2 Note that we have eectively implemented
a thermal normal ordering procedure that subtracts the square of the one-point function
from the correlation functions. In a dierent language, we have redened the eld operators
such that their one-point function vanishes.
In what follows, we will also be using the retarded correlator of singlet operators,
dened as
GR(x; t)  2
d+2d
 2(d 22 )
1
N
(t) Im


Trj2(x; t)jTrj2(0)j : (3.4)
In order to extract it from eq. (3.1), it is useful to rewrite the sum over n inside the integral
over eigenvalues,
G(t;x) =
Z 
 
d ()
 
1
(cos t  cos ) d 22
+ 2
1X
m=1
Re
"
eim
(cos(t+ im)  cos ) d 22
#!2
:
(3.5)
Since the thermal sums are manifestly real and non-singular, any imaginary contribution
must necessarily involve the vacuum piece. Consequently, we have
GR(x; t) = (t)
(
Im

1
(cos t  cos )d 2

+ 4 Im
"
1
(cos t  cos ) d 22
#Z 
 
d ()
1X
m=1
Re
"
eim
(cos(t+ im)  cos ) d 22
#)
: (3.6)
The rst term is the well-known vacuum contribution to the retarded propagator. It is
insensitive to the singlet constraint and has support only on the boundary light cone. The
second term is a thermal contribution that depends on the eigenvalue distribution. We will
discuss it in more detail in section 5.3.2. In Fourier space, the retarded correlator contains
information about the spectrum of the theory, which has important implications for the
dual bulk physics. We discuss this next.
4 Evanescent modes
Wave propagation in an AdS black hole background in standard gravity theory includes so
called evanescent modes with an exponential fall-o towards the boundary whose existence
is tied to the event horizon in the bulk spacetime geometry [16]. Finding such modes in
an exotic theory with massless higher spin elds is a strong indication of the presence of
black hole-like structures in that theory. In this section we demonstrate that the retarded
propagator at high temperatures in our free singlet models indeed has precisely the right
form to support evanescent modes in a dual bulk interpretation.
In thermal eld theory, the spectral density is dened as the imaginary part of the
retarded propagator in frequency-momentum space. In the low energy phase of singlet
2Following [9], one can perform the integral over  to obtain an expression in terms of Fourier cosine
coecients of the eigenvalue distribution. Since we will not make much use of that representation in the
present work, we refrain from showing it here.
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theories, it is expected to only receive contributions from !2  k2. This follows from the in-
terpretation of the low temperature phase in terms of a thermal gas of higher spin particles.
In the bulk, it receives only on-shell contributions and since the square of the momentum
in the direction normal to the boundary is positive denite, one has !2 = k2 + k2z  k2.
A nontrivial geometric structure in the bulk can, however, support modes for which kz
is complex. In this case the mode amplitude is exponentially suppressed radially towards
the boundary or, conversely, exponentially growing in the radial direction into the bulk
interior. Such a mode can nevertheless remain normalizable if the bulk geometry is such
that the exponential growth is cut o at some radial position. This happens for instance
in the presence of a horizon in the bulk where modes with complex kz propagate parallel
to the horizon but are exponentially suppressed towards the boundary and thus eectively
conned to the near horizon region. In the corresponding boundary theory the signature of
a bulk evanescent mode is an exponentially suppressed but non-vanishing spectral density
in the far o-shell regime !  T  jkj. Such contributions were discovered previously in a
planar limit of a free gauge singlet model [13]. The planar limit corresponds to the innite
temperature limit in our conventions. Using our approach, it is straightforward to look
for evanescent mode signatures at nite temperature and we indeed nd that they persist
at high temperatures of both the adjoint and vector models. More specically, we see
that the presence of evanescent modes is directly linked to having a nontrivial eigenvalue
distribution in the dual gauge theory.
As always in the free boundary theories that we are considering, the bulk interpretation
of the results involves a degree of extrapolation. The above picture of evanescent modes
propagating in the near horizon region of a black hole relies on having a classical bulk
geometry and thus an eective eld theory on the gravitational side of the duality. On the
other hand, a spectral density of the above form is a robust signal that one can look for in
any eld theory. Accordingly, we can take evanescent behaviour in the boundary spectral
function as one of the dening features of a bulk black hole away from the limit where we
have an eective eld theory description on the bulk side of the duality.
Note that since we are ultimately interested in large momenta k  jkj  1, we can
use a at Fourier space representation of the correlation function. This simplies the
calculation considerably but it should be kept in mind that the description breaks down
for small momenta.
In principle, the spectral density in the evanescent regime could be obtained from a
direct Fourier transformation of eq. (3.6) in the at limit. We nd it convenient, however,
to take an extra step and rst obtain the retarded correlator in mixed k-t-space. To this
end we use the relation GR(k; t) = (t) ImG(k; t), which remains valid in momentum space
as the transformation from position space does not introduce a complex phase. The time
ordered correlator in k-t space can be written as
G(k; t) =
Z
d ()
Z
dd 1p1 dd 1p2 (d 1)(k  p1   p2)GT (p1; t; )GT (p2; t; ) (4.1)
with
GT (p; t; ) =
1
2p

e ipt

(t) + nB

p  i


+ eipt

( t) + nB

p+ i



: (4.2)
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This essentially corresponds to eq. (B.6), derived in appendix B. In comparison, we have
here performed the contraction on the eigenvectors of the gauge holonomy, used that E  p
in the high momentum limit, and replaced the sum over eigenvalues by its continuum
approximation. The corresponding retarded correlator can be expressed as
GR(k; !) =
Z
dt dd 1p1 dd 1p2 ei!t(d 1)(k  p1   p2)GR(p1; p2; t) ; (4.3)
with
GR(p1; p2; t) = (t) Im
Z
d ()GT (p1; t; )GT (p2; t; )

=
i(t)
8p1p2

e it(p1+p2)   eit(p1+p2))
+
Z
d ()

n

p1 + i



+ n

p2 + i





e it(p1+p2) + eit(p1 p2)   e it(p1 p2)   eit(p1+p2)

: (4.4)
We have used the fact that () is even and that there are no purely thermal contributions
to the retarded correlator in accordance with eq. (3.6). Since GR(p1; p2; t) is manifestly
real, taking the imaginary part of eq. (4.3) allows us to drop the -function. Integrating
over t then yields a set of -functions and we immediately observe that those that depend
on p1 + p2 will not contribute in the evanescent regime !  k, due to the -function in
eq. (4.3). Setting them to zero and integrating over p2 in the remaining terms yields
ImGR(k; !) =
Z
d ()
Z
dd 1p
1
8pjk  pj

n

p+ i



+ n

jk  pj+ i


 ((! + p  jk  pj)  (!   p+ jk  pj)) : (4.5)
By virtue of the -functions, we can rewrite this as
ImGR(k; !) =
Z
d ()
Z
dd 1p
1
16p

"
1
p+ !

n

p+ i



+ n

p+ ! + i



(! + p  jk  pj)
  1
p  !

n

p+ i



+ n

p  ! + i


(!   p+ jk  pj)
#
: (4.6)
Working to lowest order in ! in the evanescent regime, this can in turn be approximated by
ImGR(k; !) = !
Z
d ()
Z
dd 1p
1
8p2
n0

p+ i



(p  jk  pj) : (4.7)
The above expression only has support for p  . There, the Bose distribution becomes
a Boltzmann distribution, allowing us to integrate over  to obtain
ImGR(k; !) =  !1
4k

d 2
2
 (d 22 )
Z
dp pd 4d sind 4  e p

   arccos k
2p

: (4.8)
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Here, we have assumed a symmetric eigenvalue distribution and introduced its rst Fourier
cosine moment, 1 
R
d () cos, non-vanishing only for a non-constant eigenvalue
distribution. The limits for the integration over p have to be adjusted such that the
-function can be satised. In the evanescent regime, the limits are k=2 and1. Integrating
over both  and p then yields
ImGR(k; !)   !1
4

k

 d 5
2
K d 3
2

k
2

  !1
4k

k

 d 4
2
e 
k
2 : (4.9)
with the modied Bessel function K(x). Evanescent behavior signaled by the exponential
is thus seen above the phase transition, for both adjoint and vector models in any number of
dimensions d  3. In fact, for vector models the evanescent modes actually appear already
below the phase transition (at temperatures scaling as Tc with N). This is a direct conse-
quence of the phase transition being third order and the Fourier cosine mode 1 changing
continuously at Tc. Similar eects are observed for example in the free energy [10].
We nd it remarkable that our simple boundary theories give rise to black hole-like
behavior in the dual higher spin gravity or tensionless string theory. We note that the
coecient =2 in the exponent that we nd in free singlet theories diers from the cor-
responding coecient obtained in supergravity [17]. While there is no a priori reason for
the exponents in supergravity and higher spin gravity to agree, it would be interesting to
understand the relation between the two.
5 General behavior of two-point correlation functions
In this section we study the time dependence of the correlation function eq. (3.1) at gen-
eral temperatures with an eye towards a bulk interpretation. In particular, we will observe
exponentially decaying correlation functions in the high temperature phase, a well-known
signature of bulk black holes in holographic CFTs [18]. Another important result of this
section is the emergence of a previously unnoticed characteristic time scale at high temper-
ature, beyond which the time dependence of the two-point correlation function resembles
that of its low temperature counterpart. We observed a corresponding length scale in our
earlier study of equal time correlation functions [9].
To simplify the analysis, we mainly focus on the so-called autocorrelator, where the
operators are inserted at coincident spatial points, leaving only a dependence on their time
dierence. The discussion is divided into a few subsections. First, we develop a more trans-
parent representation of the correlation function that holds at coincident spatial points.
We then develop analytic approximations valid at very low and very high temperatures re-
spectively. In particular, we contrast ubiquitous power law tails at low temperatures with
exponential decay in even boundary dimensions in the high temperature phase. Following
this, we present a numerical study of the correlation function at intermediate temperatures.
Among other things, we uncover a new characteristic time scale in the numerical data that
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appears at high temperature and signals the return to a power law decay with time of the
autocorrelator.
5.1 Coincident points
As before, the derivation we present is for the vector model and only results are quoted for
adjoint representation scalars. To get started, we use basic trigonometric identities (taking
the principal value of the square root for odd d) to rewrite eq. (3.1) for  = 0 as
G(t) = ( 2)2 d
Z
d ()
0@ 1X
m= 1
eim(sgn(m))d
sind 2

t+im
2

1A2 ; (5.1)
where we have assumed t > 0 for simplicity. Eq. (5.1) takes form of an integral over a
square of a Fourier sum. The discontinuity of the function inside the sum, when viewed
as a function of m, leads to complications in odd boundary dimensions that hamper a
derivation of a simpler expression for arbitrary temperatures. As a result, our results for
odd dimensions explicitly will rely on an approximate evaluation of eq. (5.1). In even
dimensions, on the other hand, the function is continuous and we can express it as a sum
over images using the Poisson summation formula,
G(t) = ( 2)2 d
Z
d ()
 1X
k= 1
h
(d)
t (+ 2k)
!2
; (5.2)
where we have dened
h
(d)
t () 
Z 1
 1
dmeim
1
sind 2

t+im
2
 (5.3)
as the Fourier transform of the function inside the summation. The higher dimensional
h
(d)
t () can be obtained from the d = 4 expression as follows
h
(d)
t () =
2d 4
(d  3)!
24 d 42Y
n=1
(n2 + @2t )
35h(4)t () ; (5.4)
so it suces to calculate the Fourier transform only for d = 4. We obtain
h
(4)
t () =  
4

csch




@te
( t)
 ; (5.5)
which readily follows from expressing h
(4)
t () in terms of an incomplete Euler beta function,
Bx(a; b) 
R x
0 s
a 1(1  s)b 1ds and using the reection identity
Bz(a; b) = ( z) aza
 
1
z
a+b
( z)a+bB 1
z
(1  a  b; b) +B(a; 1  a  b)
!
: (5.6)
The above expression for the autocorrelator is not amenable to analytic arguments for
general temperatures but it can be evaluated numerically to good precision, as we shall
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see later on in this section. Before presenting our numerical results, however, we want to
take advantage of certain simplications that occur at high temperature to obtain analytic
results that reveal properties of the high-temperature phase of the model. We have to
evaluate the sum 1X
k= 1
e
  (+2k)t


1 + coth

(+ 2k)


: (5.7)
In the regime   1, we can to leading order set the hyperbolic cotangent to sgn(k) unless
k = 0. This limit holds for   <  < , and since eq. (5.7) is periodic, the approximation
can be periodically extended beyond the original region of validity. Contributions for k < 0
can then be neglected and we obtain for the sum
e
 t

 
1 + coth




+ 2
1X
k=1
e
  2kt

!
= e
 t


coth

t


+ coth




; (5.8)
and for the correlator eq. (5.2) in even dimensions for   1
G(t) =
2d 22
((d  3)!)2
1
2
(5.9)

Z
d ()
240@ d 42Y
n=1
 
n2 + @2t
1A @te t cotht


+ coth



352 :
For adjoint scalars, eq. (5.2) is replaced by
G(t) = ( 2)2 d
Z
d d0 ()(0)
 1X
k= 1
ht(  0 + 2k)
!2
; (5.10)
and the even-dimensional high temperature correlator
G(t) =
2d 22
((d  3)!)2
1
2
Z
d d0 ()(0) (5.11)

240@ d 42Y
n=1
 
n2 + @2t
1A @te  ( 0)t cotht


+ coth

(  0)

352
takes the place of eq. (5.9).
5.2 Low temperatures: power laws
At temperatures below the phase transition in the adjoint case and at   O(1) in the
vector model, the correlator is obtained from a constant (). The -integration in eq. (5.1)
then picks out the diagonal elements of the square and one obtains
G(t) = 2d 2
1X
m= 1
(cosh(m)  cos t)2 d : (5.12)
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For t , the vacuum piece, m = 0, dominates, implying a power law decay for small t,
G(t)  1
t2(d 2)
: (5.13)
At somewhat higher temperatures, such that there exist times that are much longer
than the time that corresponds to the thermal wavelength, yet smaller than the AdS period,
we can consider the leading order contribution in . In the regime   t 1 we obtain
G(t)  2d 1
1X
n=1
1
(t2 + 2n2)d 2
 2
d 1
 (d  2)@
d 3
t2

1
2t2

t

coth

t


  1

: (5.14)
In this regime the autocorrelator approaches another power law tail with an altered expo-
nent
G(t)  1
t2d 5
; (5.15)
as could already have been anticipated on dimensional grounds. The behavior outlined in
this subsection persists at all temperatures below the phase transition, T < Tc. We shall
demonstrate this towards the end of section 6, after eq. (6.8).
5.3 Ultra-high temperatures
We now consider very high temperatures under the assumption that the eigenvalue distri-
bution can be well described by a -function.3 For simplicity, we rst focus on insertions
at the same point in space, i.e. set  = 0, and then take  to be non-vanishing but small.
Moreover, we observe rather dierent behavior of correlation functions in even and odd
boundary dimensions and thus nd it useful to distinguish between the two.
5.3.1 Even dimensions: exponential decay
In even boundary dimensions correlation functions exhibit a period of exponential decay
in the high temperature phase, as expected if black hole-like objects were present in the
bulk. We demonstrate this rst by direct summation of eq. (5.1) in the short time limit,
where the expressions are particularly simple. We then establish the general results that
follow from eqs. (5.9) and (5.11).
For short times and () = (), we expand the summand in eq. (5.1) in t and ,
1X
m= 1
(sgn(m))d 2
sind 2

t+im
2
  2d 2 1X
m= 1
1
(t+ im)d 2
 2
d 2

1
(d  3)!
@d 3
@td 3
coth

t


: (5.16)
3As explained in section 6, for the vector model this is only valid for d  4. However, even in the d = 3
case it proves instructive to compare to the -function limit, which is why we nevertheless include this case
here.
{ 14 {
J
H
E
P
0
3
(
2
0
1
8
)
0
7
5
For the time ordered correlator we then obtain
G(t)  2
d 22
2

1
(d  3)!
@d 3
@td 3
coth

t

2
: (5.17)
For instance, in d = 4, we have
G(t)  4
4
4
csch4

t


: (5.18)
As opposed to the expression below the transition (see eqs. (5.13) and (5.15) above), no
power law tails are present. At suciently late times, t & , we thus observe an exponen-
tially decaying correlation function in even dimensions.
For arbitrary times, we insert () = () directly into eqs. (5.9) and (5.11) for the
vector and adjoint models, respectively. In both cases we obtain
G(t) =
2d 2
((d  3)!)2
1
2
240@ d 42Y
n=1
 
n2 + @2t
1A1 + 2

csch2

t

352 : (5.19)
Compared to eq. (5.17), we observe additional contributions that are a consequence of
considering the theory on a sphere. In particular, we always nd a constant contribution
to the correlators. The exponential decay thus comes to a halt once the t-dependent part
becomes of the same order as this constant piece, at t  log T=T . After that the correlator
remains approximately constant for a while.
We emphasize that this behavior persists for smeared operators. In fact, we can obtain
all the above results for general . Focusing on the simpler example of small times, small
 yields
G(t; )  2
d 2
 2(d 22 )
"
@
d 4
2
2
1X
n= 1
1
(n  it)2 + 2
#2
 2
d 42
 2(d 22 )
2
24@ d 42
2
coth((t+) )  coth((t ) )

352 : (5.20)
Expanding the above for   t reveals an exponential decay in time for all angles that are
well localized inside the light cone. Accordingly, smearing the elds does not aect decay
properties of the correlation functions in even dimensions. Let us highlight that the expo-
nential decay is a direct consequence of the high temperature phase. We have demonstrated
it in the limit of ultrahigh temperatures, and will conrm it at intermediate temperatures
T & Tc in our numerical analysis in section 5.4, as well as analytically in section 6.
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5.3.2 Odd dimensions: retarded Green's functions supported inside the light
cone
As mentioned earlier, away from the light cone, the retarded propagator eq. (3.6) receives
contributions only from the thermal piece, and only in odd dimensions. There, it reads
GR(x; t)jcos t 6=cos  = 4( 1)
d 3
2 (t)(cos    cos t) j cos t  cos j  d 22

Z 
 
d ()
1X
m=1
Re
"
eim
(cos(t+ im)  cos ) d 22
#
(5.21)
for the vector model, while the result in the adjoint model is obtained by inserting the
corresponding convolution. As we can see, its nontrivial nature within the light cone is
directly linked to a non-constant eigenvalue distribution. In appendix D we check how
absence of light cone interior support in even boundary dimensions is consistent with the
expected support inside the light cone for odd dimensional bulk wave equations.
In the limit of coincident spatial points, we can extract the analytical form of the
time-ordered correlator from the  ! 0 limit of eq. (5.1), by using well known properties
of the Polygamma functions that appear in an explicit summation. As anticipated, we will
observe a non-vanishing imaginary part. For odd d, eq. (5.1) becomes
G(t) =  22 d
0@ 1
sind 2
 
t
2
 + 2i 1X
m=1
Im
24 1
sind 2

t+im
2

351A2 (5.22)
=  22 d
24 1
sind 2
 
t
2
 + 2d 2i
(d  3)!
d 3
2Y
n=1

(2n  1)2
4
+ @2t
 1X
m=1
Im
24 1
sin

t+im
2

35352 ;
irrespective of the scalar representation. The last sum essentially corresponds to the de-
nition of the Q-Polygamma function  q(z) and can be written as
1X
m=1
Im
24 1
sin

t+im
2

35 = 2

Re

 
e 

2

1  i t


   
e 

2

1 + i
2   t


: (5.23)
For t >  the above can be approximated by
2

Re

 
e 

2

1  i t


   
e 

2

1 + i
2   t


   4

log cot
t
4
: (5.24)
Consequently, one nds for d = 3
G(t)   1
2

1
sin t2
  4i

log cot
t
4
2
: (5.25)
We note the dimensionally reduced form of the second term, dominant at t  . It
is logarithmic at small t, just as a massless correlator in d = 2, i.e. in one dimension
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less. This holds in any dimension, since the result in higher dimensions follows by simple
dierentiation. A small t expansion for d > 3 yields
G(t)  1
2
1
t2(d 3)
: (5.26)
This eective dimensional reduction is a well known feature of thermal quantum eld
theories. We note in particular the dierence in exponent to eq.(5.15), the late time
behavior in the low temperature phase.
The retarded autocorrelator can be read o directly from eq. (5.22). For our example
of d = 3, one obtains
GR(t)    4

log cot t4
sin t2
: (5.27)
In summary, we observe a nontrivial imaginary part for the retarded correlator inside the
light cone in odd boundary dimensions in the high temperature phase. Moreover, we have
given an explicit expression for the time ordered Green's function at spatial coincidence,
recognizing a dimensionally reduced form for t , when thermal eects are dominant.
5.4 Intermediate temperatures: numerical results
In an intermediate regime, where the eigenvalue distribution can neither be approximated
by a constant nor a -function, the correlation functions are best evaluated numerically.
This allows us to single out eects of a nontrivial eigenvalue distribution, revealing short-
comings of the -function approximation discussed in section 5.3 in low boundary dimen-
sions. A new time scale ta emerges in our plots. This is very similar to what we found in
equal time correlators in [9]. The new scale is explained analytically in section 6. Since
the -function essentially cancels the  integration that implements the singlet constraint,
we refer to the results of the -function approximation as the unconstrained theory. It is
included in the plots for comparison.
At suciently low temperatures, a direct numerical summation of eq. (5.1) is feasible.
Good precision is obtained for an upper summation limit of the order of 10=. At high
temperatures, instead, with   1, the expressions to be evaluated are dierent in odd
and even boundary dimensions. In odd dimensions, we interpret eq. (5.1) as a Riemann
sum, thus eectively considering
G(t) = ( 2)2 d
Z
d ()
0@ 1
sind 2
 
t
2
 + 2i Im Z 1
1
dm
eim
sind 2

t+im
2

1A2 ; (5.28)
or the adjoint model equivalent thereof. In even dimensions we instead work directly with
eqs. (5.9) and (5.11).
Key features of the correlation functions are displayed in the gures. In discussing their
behavior, we distinguish the cases of even and odd dimensions. All plots were obtained
for N = 105 and varying . In gures 2 and 3 we show numerical solutions for both the
vector and adjoint models for d = 3. This thus includes the canonical dimension for higher
spin/CFT duality. We observe the following behavior:
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|Re G(t)|
Figure 2. Vector model, d=3. jG(t)j for =c = 50 (red), =c = 10 3 (green) and =c = 10 6
(blue), with ta  3  10 3 in both high temperature cases. The gray dashed line depicts the vacuum
correlator, while the colored dashed lines correspond to an unconstrained theory at the respective
temperature, displayed only for  < c. The logarithmic plot on the left illustrates the periodicity
of the correlators, as well as the renormalized low temperature behavior (shifted red curve) for
t > ta. More of the features can be extracted from the log-log plot on the right.
10-4 0.001 0.010 0.100 1 t
1
106
1012
|GR(t)|
10-4 0.001 0.010 0.100 1 t
105
1010
|GR(t)|
Figure 3. d=3, retarded correlator GR(t) = Im G(t). Left: vector model for =c = 50 (red),
=c = 10
 3 (green) and =c = 10 6 (blue). The dashed lines depict the result of an unconstrained
theory at the corresponding temperatures. The crossover times are as in gure 2. Right: adjoint
model for same values of =c. The imaginary part vanishes below the transition. The crossover
times are at ta  1 for both lines.
t : At short times, the real part of the correlator is dominated by the power law decay
of the vacuum contribution, included in all plots as a gray dashed line.
t  : Characteristic zeros appear. Analogous zeros appear in Green's functions in Ein-
stein gravity black holes in four bulk dimensions, and are associated with \ringing"
behavior [19{21]. In our case, the number of zeros is small and the ringing thus
rudimentary.
  t ta: The decay slows down signicantly. For decreasing =c, the correlator ap-
proaches that of an unconstrained theory and signicantly departs from a thermal
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AdS boundary-boundary correlation function. We observe an eective dimensional
reduction of the correlators, as pointed out towards the end of section 5.3.2.
t  ta: At this time, the correlator exhibits a cross-over from the unconstrained behavior
to a renormalized low temperature behavior, as evident in the left panel of gure 2.
In d = 3, this eect prevents the zero-crossing for t!  found in the unconstrained
theory. In higher dimensions, the crossover scale depends on =c and for suciently
small =c increases beyond the radius of the sphere [9]. Also the retarded propagator
GR(t) = Im G(t), displayed in gure 3, is sensitive to this scale. Beyond it, it decays
signicantly faster than its unconstrained counterpart.
As discussed at length in previous sections, the even dimensional correlators exhibit
a characteristic exponential decay at times of the order of . This can be clearly seen in
gure 4, both for fundamental and adjoint matter. In particular, the right hand side of the
gure corresponds to the zero 't Hooft coupling limit of the well-known duality between
strings on AdS5  S5 and N = 4 SYM. We can summarize the behavior as follows:
t : At short times, the correlator is again dominated by the power law decay of the
vacuum contribution, included in the plots as a gray dashed line.
t  : At temperatures above the transition, correlations decay exponentially fast. The
decay continues until nite volume and nite temperature eects become important.
  t ta: The correlator approaches a constant value set by the temperature and by m.
For the vector model, we observe a signicant discrepancy between the exact behavior
and the unconstrained theory, due to the nite width of the eigenvalue distribution,
manifest in the ratio m= & 1. These subtleties are discussed in section 6.
t  ta: Around this time the form of the correlations return to that of the low-temperature
phase provided =c is suciently close to 1 (such that ta < ). For the tempera-
tures we plot, ta  10 1 for the vector model, while it is far greater than  in the
adjoint model. Consequently, the adjoint correlators agree almost perfectly with the
unconstrained behavior.
6 Finite volume eects in the high temperature phase
In some regimes, we can probe physics that is hard to understand from a picture of a
simple uniform source at the center of an asymptotically thermal AdS space. From our
previous observation of an emergent length scale in spatial correlators [9], one expects a
corresponding time scale, ta, beyond which the deviation of the eigenvalue distribution from
a -function becomes visible. We have explicitly seen the emergence of such a time scale in
our numerical data of the previous section. There is a relatively simple conceptual argument
for this scale, which can be made more quantitative for certain parameter values. The new
length and time scales are proportional to the radius of the d 1-sphere and therefore only
visible at nite spatial volume.
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1030
|Re G(t)|
10-5 0.001 0.100 t
1
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|Re G(t)|
Figure 4. d = 4. Left: vector model for =c = 10 (red), =c = 10
 3 (green) and =c = 10 6
(blue). The solid lines correspond to the exact behavior, while the dashed lines illustrate the
unconstrained theory. The gray dashed line depicts the vacuum correlator. The crossover times
in the high temperature phase are in order of increasing temperature ta ' 0:15 and 0:18. Right:
adjoint model for the same values of =c. Line styles are as on the left. The crossover times are
beyond the light crossing time of the sphere.
In the expression (5.1) for the correlation function G(t),
Z
d ()
0BB@ 1X
m= 1
eim
sin2

t+im
2
 d 2
2
1CCA
2
=
Z
d ()
0BB@ 1X
m= 1
e
im 

sin2

t+im
2
 d 2
2
1CCA
2
;
(6.1)
the summation over m is a Fourier series representation of a function f
(d)
t (=). A -
function limit of the eigenvalue distribution corresponds to expanding ft in powers of ,
which can only yield a good approximation if   for all  in the support of (). Thus,
in the absence of extra conditions on t, m   is required.
The consequences of the above inequality vary with dimension. From our expres-
sions (2.6) for the asymptotic values for m, we conclude that the requirement is violated
at all temperatures for the vector model in d = 3. For the vector model in d = 4, it is
fullled at temperatures that are exponentially large in N , while in higher even dimen-
sions, it is easily satised high above the phase transition, measured on the scale of Tc. In
the adjoint model on the other hand, the -function approximation works well already at
temperatures only slightly above the transition. See table 1 for a summary of the relevant
temperature scales in dierent dimensions.
A more quantitative analysis can be carried out. Choosing for illustrative purposes
d = 4, we consider the expression in real -space eq. (5.9) (here for the vector model),
slightly reformulated to read
G(t) =
42
4
Z
d () e
  2t




coth

t


+ coth




+ csch2

t

2
: (6.2)
By expanding coth




in a series of exponentials, rewriting powers of  as time derivatives
of e t= , and using ()jjj>m = 0, we observe that all terms in the above expression are
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of the form
f(t) @nt
Z 1
0
d ()

e
  2

(t+k)  e  2 ( t+k)

; (6.3)
with dierent functions f(t) and non-negative integers n and k. Recognizing the Laplace
transform of , denoted by , this corresponds to
f(t) @nt



2(t+ k)


 

2( t+ k)


: (6.4)
The emergence of the additional time scale ta is evident already at this stage, since 
inevitably depends on the scale m. We can make this statement more precise, however.
At large temperatures, under the condition4 that m  , the leading contribution to G(t)
comes from those terms in (6.4) for which k = 0. There, an explicit integration of eq. (6.2),
obtained by writing it as an integral over positive  only and setting coth




= 1, yields
G(t)  4
4
4
2X
n=0
 n

2
n

csch4 n

t


e
 nt
 (n)

 2t


+ ( 1)nent (n)

2t


(6.5)
We can infer almost all essential details of the correlator from here, using the following
generic features of the Laplace transform of the eigenvalue density:
(i) (n)(x)  ( m)n for jxj   1m ,
(ii) (x)! (mx) 1 + e xmx22m for jxj  
 1
m .
These properties follow directly from the known behavior of the eigenvalue distribution
in real -space. For x   1m , their Laplace transforms follow that of a -function, with
corrections parametrized by the only scale in the problem, m. The large-x fall-o, on
the other hand, follows from the fact that the distributions are approximately constant for
suciently small . It is here that the deviation from a -function distribution becomes
truly signicant. The exponential contribution follows from the cut-o of () at  = m.
Note that the exponential growth for x < 0 will be overpowered by the exponentially
decaying factors in eq. (6.5), as we see below.
Using the above, we obtain the following behavior for the correlation function. At very
short times, the vacuum contribution dominates, hidden in the n = 0-term of the above
sum. Once t becomes of order of , there is a period of exponential decay, easily seen by
inserting case (i) into eq. (6.5). The dominant contributions are
G(t)  16
2
4

42e
  4t
 + 4me
  2t
 + 2m

: (6.6)
As we see, the exponential decay is eventually stopped by the constant term, at t 
log m=T  log (T=Tc)=T for T > Tc, where there is a gap in the eigenvalue density.
This constant in turn decays once the central part of the eigenvalue distribution becomes
accessible, at t=   1m or equivalently t  ta with
ta  
m
: (6.7)
4This is precisely the case when the crossover time ta is below the light crossing time of the sphere.
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We obtain the late time behavior by inserting case (ii) into eq. (6.5). All exponential pieces
are negligible, in particular since t > ta   and m  . The only remaining contribution
gives
G(t)  4
2
t3m
: (6.8)
Comparison with eq. (5.15) for d = 4 shows the same decay as for the low temperature
correlator, with a temperature dependent renormalization factor. We have thus analytically
reproduced all features of gure 4.
As promised earlier, eq. (6.5) also holds the key to seeing that the low temperature
behavior of two successive power law regimes, as described in section 5.2, holds up until the
phase transition. The low temperature phase is characterized by the absence of the small
parameter m and the Laplace transform of  is always described by (x)  x 1. This
implies that the n = 2 term in eq. (6.5) always dominates the thermal contributions, since
derivatives of  are not suppressed. There is thus no leading exponential decay and the late
time fall-o is given by the power law that is encoded in the Laplace transform, according to
eq. (6.8). Conversely, the argument conrms that the appearance of a dominant exponential
regime is directly linked to the eigenvalue distribution becoming zero on a nite interval.
Similar arguments as above can be made for d = 3, although they are somewhat less
clear due to the lack of description of the correlator in terms of elementary functions. A
proof of concept goes as follows. For small , the correlator is approximately described by
eq. (5.28), which after integration reads
G(t) =  1
2
Z
d ()
 
1
sin
 
t
2
   2i

e
  t
 ReBeit

1
2
+
i

; 0
!2
: (6.9)
For t 1, the dominant contribution to the above comes from the ! 0 limit of the Beta
function, since the latter can be expanded in a power series in , which converges quickly
for t  1. Higher powers of  are then suppressed by powers of m in the integrated
expression. Moreover, there are cancellations which suppress the contributions from the
integration over negative . In the small t limit we obtain
G(t)   2
Z
d ()

1
t
+
2i

e
  t
 log

t
4
2
  2

1
t2
+
4i
t
log

t
4



t


  4
2
log2

t
4



2
t


: (6.10)
We thus see that the logarithmic decay is accelerated once t & ta, in agreement with
gures 2 and 3.
To summarize, the emergence of an additional time scale follows in the same way as
an additional length scale in [9] from the fact that the integrand in all expressions for
the correlator is a function of =, and may be Taylor expanded in  for general t only
if m= = t
 1
a  1. We have moreover demonstrated analytically that the correlators
become sensitive to the core of the eigenvalue distribution at times t > ta. This leaves
visible imprints on the eigenvalue distributions if ta is smaller than the light crossing time
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d = 3 d = 4 d  5
Tc N
1
2 N
1
3 N
1
d 1
ta N
  1
2 N 
1
3 log1=3

T
Tc

N 
1
d 1

T
Tc
 d 4
3
Ta | N
1
3 eN N
1
d 4
Table 1. Scaling of the critical temperature Tc, crossover time ta and the constraining temperature
Ta in the vector model for dimensions d  3. The critical temperature follows directly from eq. (2.5),
while Ta is obtained from the condition ta  1, inserting the asymptotic expressions for m, eq. (2.6)
in eq. (6.7).
of the sphere. The temperature dependence of m implies that for d > 3, there is only
a nite range of temperatures, Tc  T  Ta, in which this is true. We summarize the
dependence of Tc and Ta on N and on d for the vector model in table 1.
We see a manifestation of the scale ta for a parametrically large window of temperatures
which extends over all T  Tc in d = 3, to exponentially high temperatures in d = 4 and
to temperatures that grow like a positive power of N in d  5. For adjoint scalars, on the
other hand, since Tc = O(1), Ta ' Tc for all d.
7 Discussion
In this section we summarize our ndings, discuss connections to other developments and
indicate some directions for future work. A concrete goal of our work is to assess the status
of black holes in higher spin bulk theories that are in eect dened by the free gauge theories
considered here. All our calculations have been carried out on the eld theory side of the
gauge/gravity duality and we work in the limit of vanishing 't Hooft coupling where the bulk
interpretation of results is not a priori clear. We adopt an operational strategy and look for
signatures in boundary correlation functions that are known, from previous studies at large
't Hooft coupling, to correspond to specic bulk features, e.g. black holes. In other words, if
a bulk object looks like a black hole from the boundary perspective we call it black hole-like.
We work at nite temperature and nite volume throughout and all our results are
obtained in a large N limit, where the physics can be analyzed in terms of saddle point
solutions for the density of eigenvalues () of the gauge holonomy around the thermal
circle. The eigenvalue density determines the large N phase diagram of the theory and
also governs the behavior of correlation functions of gauge invariant operators. The critical
temperature for phase transitions on the unit d   1-sphere is Tc  1 for a singlet model
with scalar matter in the adjoint representation and Tc  N1=(d 1) for a model with vector
representation matter. In terms of bulk physics these critical temperatures correspond to
Tc  R 1AdS and Tc  mPl, respectively.
We have found evidence for black hole-like behavior previously observed in
gauge/gravity duality in the limit where the bulk side of the duality is well described
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by classical gravity. It is useful to spell out a large N temperature ladder for discussing
these results.
Low temperature: T < Tc in adjoint model, T  O(1) in vector model. Uniform
eigenvalue density () = 12 in both models.
Super-AdS temperature: 1  T  O(Tc) in vector model. The eigenvalue density is
no longer uniform but no gap has opened up. This range is absent in the adjoint
model where Tc  1.
High temperature: Tc < T in both vector and adjoint models. The eigenvalue density
has developed a nite gap where () = 0.
Ultra-high temperature: Tc < Ta  T in both types of models, where Ta is given in
table 1. It is dened to ensure that the eigenvalue density at higher temperatures is
well approximated by a Dirac delta function (not strictly attainable in d = 3).
Our main results can be summarized as follows in relation to these temperature scales:
 We nd evidence for evanescent modes (section 4) of the type pointed out in [16].
Evanescent behavior occurs in any d  3 at super-AdS, high and ultra-high temper-
atures in the vector model and at all temperatures above the critical temperature in
the adjoint model.
 We see a period of exponential decay in time of correlators (section 5.3.1) of the
type pointed out in [18] for two boundary dimensions. We demonstrate this behavior
explicitly for any even d at all temperatures above the phase transition in both vector
and adjoint models. It is also visible in our numerical results for t . log (T=Tc)=T
provided T > Tc.
The exponential decay is not immediately visible and it does not continue indenitely. At
very early times, short compared to the inverse temperature, the two-point correlation
function decays according to a power law governed by the underlying scale symmetry of
the model. Exponential decay sets in at t   and the correlation function settles to a
constant value at t  (log T )=T , which is maintained for a while. Eventually the periodicity
of free wave propagation on the sphere sets in and the correlator returns to its initial value
at t = 2 in our units (see gure 2).
We note that in even d, evanescent modes are evident at lower temperature than
exponential time decay in vector models but appear together with exponential time decay
at the critical temperature in adjoint models. In odd d we still see evanescent behavior but
exponential decay in time is absent. Instead, we nd what may be a new signal of black
hole behavior in odd boundary dimensions:
 The boundary Green's function has support inside the light cone5 in odd d (sec-
tion 5.3.2). This occurs at super-AdS, high, and ultra-high temperatures in vector
models and at T > Tc in adjoint models.
5As opposed to only on the light cone.
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Finally, we have found a new time scale at which the time-dependence of boundary correla-
tion functions changes qualitatively. This behavior is only detectable at high temperatures
and nite volume, i.e. away from the planar limit in the bulk:
 For times beyond a new time scale ta, boundary correlators return to their short-
time, thermal AdS form, up to a temperature dependent normalization factor (see
section 6, especially table 1). This behavior is seen at all high temperatures in d = 3,
but only over a nite range of temperatures, Tc < T < Ta, in d  4.
In the d = 3 vector model, we nd the time scale ta = T
 1
c  N 1=2, and more generally,
ta is given in table 1.
By the usual AdS/CFT dictionary, long boundary distances or late times translate to
bulk features that are far removed from the boundary. Accordingly, we expect long-time
correlators to probe more deeply into the bulk, while short-time correlators are mostly
sensitive to propagation close to the boundary. Thus, very short t  only sense asymp-
totic AdS propagation, intermediate times   t  ta can disclose the presence of black
hole-like objects, while later times t ta probe deep bulk features which are not accessible
in a planar geometry.
Earlier studies (e.g. [10]) have cautiously refrained from interpreting the vector model
phase transition as a sign of black holes in higher spin gravity. Our ndings crucially add
spatial extent to the picture. Our previous work [9] revealed a boundary spatial scale where
equal time correlation functions at high temperature begin to depart from thermal AdS
behavior, and we have now also conrmed a corresponding time scale consistent with bulk
objects that grow with temperature. Since this boundary scale only comes into play at high
temperature T > Tc  mPl, the corresponding black hole-like objects in the bulk have a
minimum size, which scales with N in the same way as the Planck mass. Thus, the objects
appear to become larger with increasing temperature and with decreasing gravitational
coupling. The enormous size of these higher spin black hole-like objects demysties their
Planck scale temperature. They are analogous to standard large AdS black holes in Einstein
gravity, whose Hawking temperature grows without bound with increasing black hole size.
For a large enough AdS black hole, the Hawking temperature becomes trans-Planckian but
this is not problematic as this is not the temperature measured by observers in free fall
in the bulk spacetime geometry [22, 23]. Similar considerations presumably apply to very
large higher spin black holes.
In free singlet theories, periods of exponential decay of correlations of approximately
local eld operators nd their origin in an intricate cancellation of phases. In case of a
two-dimensional boundary, innite dimensional conformal symmetry on the cylinder dic-
tates [24, 25] that thermal correlation functions in free boundary theories exhibit similar
exponential fall-o behavior as their strongly interacting counterparts [18], even though
they do not thermalize in the usual sense. On the torus, corresponding to nite size, the
argument indicates exponentially decaying terms in the high temperature limit. Such ar-
guments are not applicable in higher dimensions, and there is no a priori reason for an
exponential fall-o. Moreover, delocalized Fourier space operators exhibit power law tails
([11] and appendix C), much like the low temperature autocorrelators we discussed in
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section 5.2. The fact that thermal Green's functions of quasi-local operators nevertheless
display periods of exponential decay may be taken as a sign that bulk higher spin theories
retain features of their gravitational ancestors. In a sense, nontrivial phase cancellations
are the only way for a free boundary theory to produce behavior similar to a strongly
coupled CFT with a gravitational dual.
Since our models are explicitly unitary and propagation in classical black hole back-
grounds is known to break unitarity, our results must deviate from classical black hole
results in a way that restores unitarity. In even dimensions we indeed found a cross-over
from exponential decay to a constant correlator at a time t  log T=T valid above the
phase transition. Qualitatively, the crossover is reminiscent of the results in [18] where an
exponential decay crosses over to a non-decaying regime at late time, explained by the con-
tribution from an alternative bulk manifold lling the same boundary. The sharpness of the
transition visible in gure 4 suggests such an interpretation, but in the present higher spin
case, we have no supporting bulk calculation. In vector models there is a later time ta when
the singlet constraint comes into operation and the correlation function develops another
power law fall-o. This time the power law exponent is the same as in the low-temperature
phase, but the correlation function picks up a temperature dependent normalization fac-
tor. In odd dimensions, a case not detailed in [18], we see a related crossover between two
dierent power laws. We note that at high temperature this crossover coincides with a zero
of the real part of the correlator (see gure 2).
In two boundary dimensions the advanced machinery of d = 2 conformal eld theory
has been applied to the tricky problem of reconciling the unitarity of CFT with the known,
but approximate information loss in bulk black hole physics [26{29]. We have glimpsed
related behavior in higher dimensions for very particular models. It would be interesting
to study these issues in more general high-dimensional models and look for similar eects.
The intriguing return to thermal AdS-like correlation functions after a period of black
hole-like correlator behavior also deserves further study. We have observed this in the high
temperature phase both at late times and large angle in low dimensions, suggesting that
we are probing deep into the bulk. We have established that the high temperature phase
displays black hole-like features, like evanescent modes, and a closer study of deep probes
might reveal the inner workings of emergent black holes in higher spin gravity.
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A Saddle point evaluation of path integrals and eigenvalue distributions
We wish to evaluate the Euclidean path integral of a U(N) gauge theory on Sd 1S1 with
scalar matter elds in the adjoint or fundamental representation,
Z[] =
Z
DADDye S[A;;y;] ; (A.1)
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in the limit of vanishing gauge coupling. For a detailed derivation, including gauge xing
and evaluating the corresponding Faddeev-Popov determinants, see e.g. [14]. We do not
repeat the derivation here but merely outline the main steps in order to motivate the
eigenvalue distributions that we work with in the rest of the paper.
On a compact spatial manifold gauge invariance imposes the vanishing of all gauge
charges and the only physical states are gauge singlets. In the free theory limit the gauge
eld decouples from the matter elds apart from a zero mode,
 =
1
V ol(Sd 1)
Z
Sd 1
At; (A.2)
that enters into gauge covariant derivatives, Dt = @t + i in the vector model and Dt =
@t + i[; ] for an adjoint scalar [14]. The zero mode also gives rise to a gauge holonomy,
U = ei, going around the thermal circle. The path integral over the gauge eld reduces
to a U(N) matrix integral over the zero mode, which in turn reduces to an integral over
the eigenvalues eii of the gauge holonomy matrix,
Z[] =
1
N !
Z  Y
i
di
!
exp
"X
i 6=j
ln
sini   j2
 X
i
Ss[i]
#
: (A.3)
The matter contribution to the action Ss[] comes from integrating out the scalar eld
in the path integral (A.1), keeping track of the gauge eld zero mode in the covariant
derivative. In the vector model it is given by
Ss[i] =  2Nf
1X
k=1
1
k
zdS(x
k) cos(ki) ; (A.4)
and in the adjoint model by
Ss[i] =  
1X
k=1
1
k
zdS(x
k)
X
j
cos(k(i   j)) ; (A.5)
where zdS(x) is the scalar one-particle partition sum on a d  1-dimensional sphere,
zdS(x) = x
d
2
 1 1 + x
(1  x)d 1 ; (A.6)
with x = e  .
In the large N limit the integral over eigenvalues can be evaluated in a saddle point
approximation. For this it is convenient to work with the eigenvalue distribution () =
1
N
PN
i=1 (  i) or equivalently its Fourier cosine coecients,
k =
Z 
 
d () cos k =
1
N
NX
i=1
cos ki : (A.7)
In the large N limit the eigenvalue density approaches a continuum. It is positive semi-
denite,
()  0 ; (A.8)
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and normalized to one in our conventions,Z 
 
d () = 1 : (A.9)
By using the relation
ln
sini   j2
 =   log 2  1X
k=1
1
k
cos(k(i   j)) ; (A.10)
and assuming that the eigenvalue distribution is symmetric under sign reversal  !  ,
the integrand in (A.3) can be re-expressed in terms of an eective action involving the
eigenvalue distribution.6
In the vector model one nds
S = N2
1X
k=1
k
k

k   2Nf
N
zdS(x
k)

: (A.11)
which is minimized by
k =
Nf
N
zdS(x
k) : (A.12)
The corresponding eigenvalue density, given by
() =
1
2
+
Nf
N
1X
k=1
zdS(x
k)
1

cos(k) ; (A.13)
appears in equation (2.1) in the main text. The constant term in the eigenvalue density
is needed for the normalization condition (A.9). As discussed in section 2, the positivity
condition (A.8) is satised for all  2 [ ; ] at low temperatures but there is a phase
transition and in the high temperature phase the eigenvalue distribution develops a gap,
i.e. there is a nite range m  jj   where () = 0. The critical temperature (2.5) is
determined by the condition () = 0.
At high T , but still below Tc, the eigenvalue density can be expressed in terms of a
polylogarithm [9],
() =
1
2
+Ad

T
Tc
d 1
Re

Lid 1(ei)

; (A.14)
where Ad =
1
2(1 22 d) (d 1) . At high temperatures beyond the phase transition the eigen-
value density is still given by a polylogarithm but now it vanishes over a nite interval,
() =
8<:Ad

T
Tc
d 1  
Re Lid 1(ei)  Re Lid 1(eim)

for jj  m ; and
0 otherwise :
(A.15)
6Assuming a symmetric eigenvalue distribution leads to the apparent breaking of the Zn center symmetry
of the adjoint model. The symmetry can be restored by summing over Zn images of the saddle point but
this only leads to an overall factor and does not aect our results. In the vector model the center symmetry
is broken from the start by the matter sector.
{ 28 {
J
H
E
P
0
3
(
2
0
1
8
)
0
7
5
The maximal eigenvalue m is xed by the normalisation condition,
R m
 m ()d = 1,
which can be expressed as follows in terms of polylogarithms,
Im Lid(e
im)  mRe Lid 1(eim) = 1
2Ad

Tc
T
d 1
: (A.16)
In the limit of very high temperature the eigenvalue distribution is narrowly peaked
around the origin. One obtains the scaling behavior (2.6) for the width of the eigenvalue
distribution at T  Tc, and the eigenvalue distribution itself can be approximated by
() =
Ad
2

T
Tc
d 18>><>>:
(m   jj) for d = 3 ;
1
2
 
2m(3  2 log m)  2(3  2 log jj)

for d = 4 ;
(d  3)(2m   2) for d  5 :
(A.17)
In the adjoint model the eective action takes the form
S = N2
1X
k=1
(1  zdS(xk))
k
2k : (A.18)
As long as zdS(x
k) < 1, the favored conguration is a homogeneous distribution () = 12 ,
which has k = 0 for all k  1. There is a critical temperature at which zdS(xc) = 1
and the rst non-trivial Fourier cosine mode of the eigenvalue distribution condenses. The
precise value of the critical temperature depends on the number of spatial dimensions
but Tc  O(1) for all d. As we go to higher temperatures, above the phase transition,
the higher modes successively condense and the detailed implementation of the positivity
constraint on () becomes somewhat intricate. The approximate expression (2.7) for the
eigenvalue density, developed in [14], simplies the analysis considerably and is sucient
for our purposes in this paper. In particular, it allows one to infer the correct scaling
behavior of the width of the eigenvalue distribution at high temperatures, m ! T 1 d2 .
B Time dependent Green functions
In singlet models, the main subtlety in constructing time dependent correlators lies in the
implementation of the constraint. In the formalism of Schwinger and Keldysh [30, 31], this
is achieved through various insertions of -functions that project onto physical states. A
careful treatment of the integration along the complex time contour then gives rise to a gen-
erating functional of time-dependent correlation functions that obey the singlet conditions.
The free singlet models considered in the present work oer a signicant shortcut via
straightforward analytic continuation of the Euclidean propagator to the real time domain.
In the vector theory the Euclidean propagator takes the form [9],
GABlM (n) =
NX
j=1
	Aj (	
B
j )
y
 2 (2n+ j)2 + E2`
; (B.1)
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in frequency/angular momentum space. Here, E` = (`+(d 2)=2) and 	i is an eigenvector
of the gauge holonomy matrix that belongs to the eigenvalue eii . The eigenvectors are
taken to be normalized,
NX
A=1
	Ai (	
A
j )
y = ij ;
NX
i=1
	Ai (	
B
i )
y = AB : (B.2)
Analytic continuation,  2 (2n+ i)2 !  (! + i)2 yields a momentum space ex-
pression for the retarded propagator,
GABR;lM (!) =
AB
 (! + i)2 + E2`
: (B.3)
Using well-known thermal eld theory relations between the time ordered propagator, the
retarded propagator, and its discontinuity in presence of an imaginary chemical potential,7
GABT =  iGABR   2 ImGACR
NX
j=1
nB

! + i
j


	Cj (	
B
j )
y; (B.4)
one obtains after some manipulations the following time ordered propagator,
GABT;lM (!) =
i
!2   E2` + i
AB + 2(!2   E2` )
NX
j=1
nB

j!j+ i !j!j
j


	Aj (	
B
j )
y : (B.5)
The fact that the eigenvalues of the holonomy matrix appear as an imaginary chemical po-
tential is a well known feature of thermal correlation functions in gauge theories and follows
from the holonomy matrix being the Lagrange multiplier that implements the gauge singlet
constraint [11]. Fourier transforming eq. (B.5) in time yields the mixed space expression,
GABT (t; E) =
1
i
1
2E
NX
j=1
	jA(	
j
B)
y (B.6)


e iEt

(t) + nB

E   ij


+ eiEt

( t) + nB

E + i
j


:
Finally, eq. (B.6) can be transformed to yield the real space expression (using time
translational and rotational invariance to set one of the insertion points to x = 0)
GABT (t;y) =
1
i
X
l;M
1
2El
Yl;M (y)Yl;M (0)
NX
j=1
	jA(	
j
B)
y (B.7)


e iElt

(t) + nB

El   ij


+ eiElt

( t) + nB

El + i
j


:
We can evaluate this expression further by using the fact that Yl;M (0) / M;0 and
inserting the form of the spherical harmonics for M = 0. First taking t > 0 and writing
7A nice derivation can for instance be found in [32].
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the distribution functions as sums over exponentials
GABT (t;y) =
 ()
4+1i
X
l
C
()
l (cos )
NX
j=1
	jA(	
j
B)
y (B.8)

"
e it(l+)
 
1 +
1X
n=1
e n(l+)+inj
!
+ eit(l+)
 1X
n=1
e n(l+) inj )
!#
;
we nd
GABT (t;y) =
 ()
4+1i
NX
j=1
	jA(	
j
B)
y (B.9)

"
1
(2 cos t  2 cos ) +
1X
n=1
einj
(2 cos(t  in)  2 cos ) +
1X
n=1
e inj
(2 cos(t+ in)  2 cos )
#
;
by recognizing the generating functional for the Gegenbauer polynomials C
()
l . The evalu-
ation for t < 0 is similar. All in all we nally obtain
GABT (t;y) =
 ()
4+1i
NX
j=1
	jA(	
j
B)
y

24 1
(4 sin2(=2)  4 sin2(t=2)) +
X
n 6=0
einj
(2 cos(t+ in)  2 cos )
35 : (B.10)
By subsequently considering the corresponding Wick contractions, we arrive at the follow-
ing expression for a time-ordered singlet-singlet correlator:
G(t;y)  2
d+2d
 2(d 22 )
1
N


Trj2(t;y)jTrj2(0)j
=
1X
m;n= 1
PN
j=1 e
i(m+n)j
(cos(t+ im)  cos ) d 22 (cos(t+ in)  cos ) d 22
: (B.11)
The numerical factor has been chosen as to simplify all following expressions, while the
factor of 1=N guarantees that the two-point function does not scale with N .
C Fourier space
Correlators of glueball operators TrF 2 in the free limit of N = 4 SYM were investigated
in [11] for a at boundary in mixed k-t-space as well as in k-!-space. To compare, we
can take the planar limit of our expressions in d = 4 and consider the corresponding
Fourier transforms. As we shall see, in the limit of a -function eigenvalue distribution, our
expressions agree with those of [11] up to the dierent number of derivatives in the denition
of the operators. In the second part of this appendix we use the resulting expressions to
directly extract the evanescent modes of section 4.
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C.1 Retarded propagator
In the planar limit, the retarded propagator eq. (3.6) becomes
GR(x; t)=4(t)
 
Im( t2 + x2) 2 + 2 Im( t2 + x2) 1
1X
m=1
m Re

((m  it)2 + x2) 1! :
(C.1)
After appropriately introducing -factors to circumvent the poles, this expression can
straightforwardly be transformed to momentum space to read
GR(k; t) =
Z
d3x eikxGR(x; t) = 4(t)
 
cos kt
2t
+ 4
sin kt
k
1X
m=1
m
4t2 +m22
!
: (C.2)
In the low temperature phase, when (m)  m0, only the vacuum contributes. Beyond
the phase transition, on the other hand, when (m)  1, we can carry out the summation
to obtain
GR(k; t) =
4(t)
k

kt cos kt  sin kt
2t2
+
 sin kt
t
coth

2t


: (C.3)
We can readily transform the above expression to frequency space. We nd, up to an
overall factor of 4 due to our normalization in accordance with [11],
GR(!; k) =  2 + 4i
p
log
 
 (  i4 (!   p))
 (  i4 (! + p))
!
 

2i
p
  !
p

log
! + p
!   p : (C.4)
C.2 Evanescence
In principle, we can extract the evanescent behavior derived in section 4 directly from
eq. (C.4). However, to allow for a nontrivial eigenvalue distribution, we will instead use
eq. (C.2) as our starting point. Since by denition, GR(k; t) is real, the imaginary part of
GR(k; !) corresponds to the Fourier sine transform of GR(k; t). At the same time, since the
term inside the brackets in eq. (C.2) is odd under reection of t, the domain of integration
for the sine transform can be extended to the whole t-domain. Consequently, the integral
can be directly calculated by contour integration. Explicitly, we have
Im GR(k; !) =  2
Z 1
 1
 
cos kt
2t
+ 4
sin kt
k
1X
m=1
m
4t2 +m22
!
sin!t ; (C.5)
and thus
Im GR(k; !) =

2
(sgn(k   !)  sgn(k + !))
+
1X
m=1
m
2km

(k + !)e 
m
2
(k+!)  (k   !)e m2 (k !)
+( k   !)e m2 ( k !)  (!   k)e m2 (! k)

: (C.6)
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In the evanescent regime, neither the vacuum term nor the two nal terms in the above sum
contribute. Moreover, the dominant contribution arises for m = 1, due to the Boltzmann
factors. These considerations imply the nal result
Im GR(k; !)  1
2k

e 

2
(k+!)   e 2 (k !)

  
4
!1
k
e 

2
k ; (C.7)
in agreement with eq. (4.9) for d = 4.
D Consistency check on bulk and boundary retarded propagator support
We can check explicitly how a low temperature bulk propagator which does not vanish
inside the light cone is consistent with a boundary correlator without support inside the
light cone, as should be the case in even boundary/odd bulk dimension. The CFT operator
that we are considering has scaling dimension  = d   2 for a d-dimensional boundary
theory. In the dual bulk theory, it is this conformal dimension which determines the
analytic properties of the bulk-bulk correlator. In particular, consider its explicit expression
at T = 0 in global coordinates, reviewed for example in [33],
G() = C 

2F1


2
;
 + 1
2
;  d
2
+ 1; 2

; (D.1)
where C is a normalization factor unimportant to our discussion, 2F1 is a hypergeometric
function and
  cos  cos 
0
cos t  sin  sin 0 cos  ; (D.2)
with  labeling the radial direction in global coordinates, with the boundary being at
 = =2 and the center of AdS at  = 0.
For  = d   2, the hypergeometric function simplies and the bulk expression takes
on the form
G() = C 
d 2(1  2) 1 d2 : (D.3)
Hence, it picks up an imaginary part for even boundary/odd bulk dimensions8 whenever
 > 1. This imaginary part, however, is conned to the bulk interior, as follows directly
from the boundary-boundary correlator, which we obtain as
G(t; ) = C 1 lim
!
2
lim
0!
2
cos   cos  0G() =
1
(cos t  cos ) ; (D.4)
in agreement with eqs. (3.1) and (3.2) at T ! 0. As long as the bulk is well described
by thermal AdS-space, this behavior persists, as follows from a direct extrapolation of
eq. (D.1) to nite temperatures.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
8In particular, this reassuringly implies that for a four-dimensional bulk, where the scalar is conformally
coupled, the imaginary part of the propagator is purely due to its singularities.
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